We prove that the class of nontrivial connected strong product graphs is weakly reconstructible. We also show that any nontrivial connected thin strong product graph can be uniquely reconstructed from each of its one-vertex-deleted deleted subgraphs.
Introduction
In [11] Ulam asked the question of whether a graph G is uniquely determined up to isomorphism by its deck, which is the multiset of all isomorphism classes of graphs G\x obtained from G by deleting a vertex x and all edges incident to it. While the conjecture is false for infinite graphs it still is open for finite graphs. When reconstructing a class of graphs, the problem of reconstruction partitions naturally into two subproblems, namely recognition: showing that membership in the class is determined by the deck, and weak reconstruction: showing that no two nonisomorphic members of the class have the same deck.
Recently, the weak reconstruction of Cartesian product graphs from one one-vertex-deleted subgraphs was studied [6] . It was shown that both the recognition and the weak reconstruction problems can be solved from a one-vertexdeleted subgraph for nontrivial, connected Cartesian product graphs. Extensions of finite and infinite connected graphs to Cartesian products were also considered in [6] . An extension of a graph G is the graph G with an additional vertex x added, plus some edges of the form xy with y ∈ V (G). In most cases, it is not possible to extend a given connected graph H to a nontrivial Cartesian product. However, if such extensions exist, they are all isomorphic (Theorem 1 of [6] ). In fact, unless H has a special structure, there is exactly one such extension. (For more details see the following Section 2.) Equivalent results for finite graphs, given in terms of semistability, appear in [10] . An algorithm for the weak reconstruction of Cartesian product graphs of time complexity O(|E||V |( 2 + |E| log |V |)) is given in [4] . In [7] the case of k-vertex deleted subgraphs of Cartesian products is considered. It is proved that one can decide whether a graph H is a k-vertex deleted subgraph of a Cartesian product G with at least k + 1 prime factors on at least k + 1 vertices each, and that in this case H uniquely determines G.
Dörfler [1] proved the validity of Ulam's conjecture for finite nontrivial strong product graphs under the assumption that at least one factor has a nontrivial relation S (defined in Section 2).
In this paper we solve the weak reconstruction problem for nontrivial, connected strong product graphs. We prove that any nontrivial, connected strong product graph can be reconstructed from each of its one-vertex-deleted subgraphs G\x provided x is not interchangeable (defined below). Moreover, from any one-vertex-deleted subgraph there is exactly one extension. Note that this is a stronger property compared to the case of the Cartesian product where all the extensions are unique only up to isomorphism. If x is interchangeable, then G\x may have two nonisomorphic extensions, but the two extensions have different decks, hence nontrivial, connected strong product graphs are weakly reconstructible.
The paper is organized as follows. In the next section definitions and some previous results are recalled. In Section 3 we prove the main results: Theorem 1. A connected nontrival thin strong product graph is uniquely determined by each of its one-vertex-deleted subgraphs.
Theorem 2.
Connected nontrival strong product graphs are weakly reconstructible.
Preliminaries
We will consider only finite, connected simple graphs, i.e. graphs without loops and multiple edges. The vertex set of graph G is denoted by V (G) and the edge set is denoted by E(G). We write an edge {u, v} as uv. Two edges are adjacent if they have a common vertex. By G H we denote graph isomorphism, i.e. the existence of a bijection
The subgraph of G induced on the vertex set V (G)\{x} is denoted G\x and is called one-vertex-deleted subgraph.
The strong product G 1 G 2 of graphs G 1 and G 2 has as vertices the pairs (g, h) where g ∈ V (G 1 ) and h ∈ V (G 2 ). Vertices (g 1 , h 1 ) and (g 2 , h 2 ) are adjacent if either {g 1 , g 2 } is an edge of G 1 and h 1 = h 2 or if g 1 = g 2 and {h 1 , h 2 } is an edge of G 2 or if {g 1 , g 2 } is an edge of G 1 and {h 1 , h 2 } is an edge of G 2 . A graph G is prime (with respect to the strong product) if it cannot be expressed as a product G 1 G 2 unless one of G 1 or G 2 is a K 1 . The strong product graphs enjoy the unique factorization property, i.e. for every connected graph G there is a unique set of prime graphs
. . G k and none of the factors is a K 1 [2, 8] . An algorithm for finding the prime factors of strong direct product graphs in polynomial time is given in [3] . By nontrivial strong product we mean strong product with at least two nontrivial factors.
We will also need the definition of Cartesian product of graphs. The Cartesian product of G 1 and G 2 is the graph
) and x 1 = y 1 . The unique factorization property for connected Cartesian product graphs is due to Sabidussi [9] .
The following relation defined on the vertex set of G (which was first defined in [2] ), proved to be useful in studies of the strong product. The equivalence relation S is defined as xSy if and only if N [x] = N [y]. In [3] , vertices x and y with xSy are called interchangeable, otherwise they are noninterchangeable. We call a graph with no pair of interchangeable vertices a thin graph.
We define a graph G/S on equivalence classes of S as follows.Vertices are equivalence classes of S, 
Suppose that we have factored G and its prime factorization is
so that the edges are consistent with the definition of the strong product. An edge is a Cartesian edge if the labels of its endpoints differ in exactly one component and is a direct edge if the labels of its endpoints differ in more than one component. The graph induced on the Cartesian edges of graph G will be called a Cartesian skeleton of G. Although the factorization of G with respect to the strong product is unique, its vertex labeling may not be. There may be more than one labeled version of a given strong product graph. In particular, there are examples (see [3] ) of graphs for which even the sets of Cartesian and direct edges differ in different labelings. However, (compare Corollary 1.4. of [3] )
Lemma 4. If a graph has no interchangeable vertices, the set of Cartesian edges is uniquely determined.
It will be useful to remember sizes of equivalence classes of S. We therefore define the weight function c :
| is the cardinality of the equivalence class of v. When needed, we will consider G/S as a weighted graph (G/S, c).
Two weighted graphs (G, c G ) and (H, c H ) are, by definition, isomorphic if and only if there is an isomorphism
It can be shown (see [2] ) that
Lemma 5. Two graphs G and H are isomorphic if and only if the corresponding weighted graphs G/S and H/S are isomorphic.
We will later refer to the following theorem on uniqueness of the reconstruction of Cartesian product graphs [6] .
Theorem 6. Let G and H be finite or infinite connected Cartesian product graphs. If the one-vertex-deleted subgraphs
G\x and H \y, where x ∈ G and y ∈ H , are isomorphic, then G H .
A one-vertex extension is obviously determined by the set of vertices, say N x in G\x which have to be adjacent to the new vertex. In general, there may be different subsets N x which all yield a Cartesian product graph. The above theorem assures that in all cases, when the resulting graph is a Cartesian product, they are isomorphic. If there is exactly one such subset N x in G\x we say that the reconstruction is unique. (In terminology of [10] this is equivalent to G being semistable at x.) Characterization of graphs G for which the reconstruction is always unique is given in [6] . This characterization implies that there are two different cases where the reconstruction of a Cartesian product graph is not unique:
(1) C 8 P 3 P 3 \{central vertex} has two isomorphic reconstructions. (See Fig. 1.) (2) Let G be a product K 2 P where P is a prime graph and let x 2 be a vertex of P such that P \x 2 has at least one connected component which has at least one K 2 factor. Then the reconstruction is not unique. (See example in Fig. 2.) 
Reconstruction of the strong product
There are more edges in a strong product of graphs than in the Cartesian product of the same graphs. Therefore it is likely that, provided we can reconstruct the Cartesian skeleton, there will be fewer possibilities for valid strong reconstructions. See, for example, Figs. 3 and 6. 
Lemma 7. If G is a strong product with nontrivial factors, then the relation S on
G\x is the same relation as the relation S computed on G and restricted to G\x. Formally,
Proof. Let u, v be any pair of vertices of G. If either x is in both neighborhoods N G [u] and N G [v] or in none of them, then clearly u and v are in relation S on G\x if and only if they are in relation S on G.
If x is in one, but not in the other neighborhood, then the only ("bad") possibility is that
But this is not possible, as two (closed) neighborhoods in a nontrivial strong product are either the same sets or they differ in at least two vertices.
Lemma 8. If G and H are graphs, then (G/S)/S G/S, and (G H )/S G/S H/S.

Proof. See Section 5.2 of [5].
In what follows we prove that any connected nontrivial strong product graph can be extended from each of its onevertex-deleted subgraphs. The construction of the extension is essentially different depending on the interchangeability of the missing vertex x. Proposition 9 solves the case when x is not interchangeable, and unique extension of thin strong products follows (Theorem 1). On the other hand, if x is interchangeable, there are two constructions of the extension (given in proofs of Propositions 10 and 12) depending on the assumption regarding the structure of the original graph, i.e. existence of a K k (k 2) factor. Indeed there are examples in which both possibilities apply (Example 13). The extension constructions are only unique within the respective classes (Propositions 11 and 12), therefore, the result (Theorem 2) for arbitrary connected nontrivial strong product graphs is slightly weaker than the result for thin strong product graphs. and not 
Proposition 9. If x is a noninterchangeable vertex of a connected nontrivial strong product graph G, then there is exactly one extension of G\x to a strong product in which the new vertex is noninterchangeable.
Proof. After deletion of x the graph (G\x)/S (which by Lemma 7 is isomorphic to (G/S)\x) has trivial relation S (i.e. it has no interchangeable vertices), and hence the set of Cartesian edges of G/S is well defined by Lemma 4.
Therefore, its Cartesian skeleton can be (up to isomorphism) reconstructed by Theorem 6. The Cartesian skeleton is (as an unweighted graph) a one-vertex-deleted Cartesian product graph.
If the reconstruction of the Cartesian skeleton of (G\x)/S is unique, then the reconstruction of G/S can be obtained by first adding a new vertex y with the Cartesian edges and by completing the squares of the Cartesian skeleton of (G\x)/S ∪ y with exactly one direct edge in (G\x)/S to K 4 's. Note that c(x) = 1. Finally, G is obtained by expanding vertices to cliques K c (v) and adding the corresponding edges.
Recall that the reconstruction of one-vertex-deleted Cartesian product graph is not unique either if G\x = C 8 P 3 P 3 \{central vertex} or if G is K 2 P where P is a prime graph. Since by assuming x is noninterchangeable we excluded examples with complete factors, it is necessary only to consider the case G = P 3 P 3 .
The reconstruction of P 3 P 3 is unique for the following reason. In each reconstruction of Cartesian skeleton the new vertex is adjacent to at least one vertex y in the same G 1 -layer and to at least one vertex z in the same G 2 -layer (Fig. 4) . From the definition of a strong product, there exists an edge yz in the strong product graph which specifies the vertices y and z which are adjacent to the missing vertex in the strong product (Fig. 5) .
In particular, there are two isomorphic reconstructions of the Cartesian skeleton of the graph (P 3 P 3 )\x (see Fig. 1 ), but on the other hand only one reconstruction of the strong product exists. In the second case, one has to add some edges not incident to the new vertex in order to obtain a strong product (see Fig. 6 ). Now we show that Proposition 9 implies the result of Theorem 1.
Proof of Theorem 1. If graph G is a thin graph, each of its vertices is noninterchangeable, hence by Proposition 9, the graph G is uniquely determined by each of its one-vertex-deleted subgraphs.
The situation is more complicated when there exist an interchangeable vertex of a connected nontrivial strong product graph G.
Proposition 10. Suppose x is an interchangeable vertex of a strong product graph G that has no
Then there is exactly one extension of G\x to a strong product with no K k (k 2) as a factor, and in which the new vertex is interchangeable. Fig. 6 . Unique reconstruction of (P 3 P 3 )\x.
is not a factor of the strong product factorization of G, then G/S is a nontrivial strong product, say G/S = G 1 G 2 . Hence, the relation S is trivial on G 1 G 2 . First, consider G 1 G 2 without weights. By Lemma 4, the Cartesian skeleton is well defined and unique. Hence, the decomposition to the Cartesian and the direct edges is well defined. (Note that the equivalence class of the vertex x in G has more than one vertex.)
Graph (G\x)/S has a well-defined Cartesian skeleton which is (as unweighted graph) a Cartesian product graph. There must be exactly one vertex of (G\x)/S which has different weight in (G\x)/S as in G/S, and its weight is therefore called invalid weight. The vertex with invalid weight can be identified as follows. For any edge xy in E(G 1 ) consider the ratios c(x, u)/c(y, u) of edges (x, u)(y, u). Note that there are at least three such edges. All edges with both valid weight endpoints have equal ratios c(xy) = c(x, u)/c(y, u). If there is an edge with a different ratio, then we know one of its endpoints has invalid weight. In this way, all Cartesian edges incident with the invalid weight vertex can be identified.
After identifying the vertex of invalid weight, its weight is increased by one. Then the noncartesian edges are added and finally each vertex is replaced by a clique of interchangeable vertices.
Proposition 11.
Suppose that A is the class of nontrivial connected strong product graphs that do not have a K k (k 2) as a factor. If G ∈ A, and x ∈ V (G), then there is a unique extension of G\x to a graph in A. Proof. Suppose G, H ∈ A and x ∈ V (G), and y ∈ V (H ), and G\x H \y. We need to show G H . If neither x nor y is interchangeable, then G H by Proposition 9. If both x and y are interchangeable, then G H by Proposition 10.
Thus it remains to consider the case where one vertex (say x) is interchangeable and the other (say y) is not interchangeable. From the proof of Proposition 10 we know that the graph (G\x)/S as an unweighted graph is a nontrivial strong product, while from the proof of Proposition 9 we know that the graph (H \y)/S as unweighted graph has a prime Cartesian skeleton, hence it is prime with respect to the strong product, which contradicts the assumption G\x H \y. Hence the neighborhood of the missing vertex x in G consists of all vertices of the equivalence classes adjacent to v plus the vertices of the equivalence class v.
In Propositions 11 and 12 we have shown that in each of the two cases the reconstruction is unique, using the assumption that the original graph G is of a particular form. However, the example below shows that there exists nonisomorphic nontrival strong product graphs with isomorphic one-vertex-deleted subgraphs. Example 13. There are nonisomorphic strong product graphs which have isomorphic one-vertex-deleted subgraphs.
Let G 1 G 2 and K 2 G be graphs from Fig. 7 , where interchangeable vertices are encircled (if there is an edge between two circles, all pairs of vertices from those two circles are adjacent), as illustrated in Fig. 7 .
Let x be a vertex of the graph G 1 G 2 and let y be a vertex of the graph K 2 G as they are denoted on Fig. 7 . Both one-vertex-deleted subgraphs, (G 1 G 2 )\x and (K 2 G)\y, are isomorphic to graph in Fig. 8 .
The above example is probably the smallest example of nonisomorphic strong product graphs with isomorphic one-vertex-deleted subgraphs. In fact, there are infinitely many similar examples with arbitrary large graphs involved (see Fig. 9 ).
Before proving Theorem 2, we write an observation.
Lemma 14. If x and y are interchangeable, then G\x G\y.
Proof of Theorem 2. We show that any two strong product graphs H and K that have identical decks are isomorphic. If both graphs happen to have nontrivial complete graphs as factors, then H K by Proposition 12. If neither graph has nontrivial complete factor, then H K by Proposition 11. Finally, for the remaining case, suppose K = K k G and suppose H G 1 G 2 does not have a factor that is a complete graph. The following reasoning shows that, in fact, this cannot happen. Fig. 9 . Arbitrary large counterexample.
Assume (K k G)\x (G 1 G 2 )\y. From the proof of Proposition 12 we know that graph (K k G\x)/S must have all weights (but one) divisible by k and one vertex has weight of the form c([x]) = Ck − 1. Since H / K, all weights of graph (G 1 G 2 )/S but two are divisible by k, one vertex has weight of the form Ck − 1 and the other vertex has weight of the form Dk + 1. This implies that there exists at least one one-vertex-deleted subgraph in the deck of H which has at least two classes of interchangeable vertices with cardinalities not divisible by k. On the other hand, recall that in the deck of K, each one-vertex-deleted subgraph has exactly one class of interchangeable vertices with cardinality not divisible by k. Hence the decks differ.
In conclusion, let us note that we have shown uniqueness of the reconstruction, but did not provide an algorithm. We believe that the reconstruction of a finite thin strong product graph from a one-vertex-deleted subgraph is a polynomial problem, however, the details of the algorithmic solution may be nontrivial. On the other hand, the reconstruction of arbitrary strong product graph may require isomorphism testing, which is not known to be polynomial.
